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1 Abstract
The magnetocaloric properties of the Ising binary alloys composed of arbitrary
spin values, have been determined by using effective field theory. For deter-
mining the efficiency of the magnetocaloric effect in binary alloy, the quantities
of interest such as isothermal magnetic entropy change and refrigerant capac-
ity have been calculated for various values of spin and concentration. It is
shown that, by changing the concentration we can tune the magnetocaloric per-
formance. Also, it has been shown that greater refrigerant capacity can be
obtained for intermediate concentration values, in comparison with the limiting
concentration values.
2 Introduction
Magnetic cooling is one of the broad application areas of the magnetism. The
magnetocaloric effect (MCE) [1, 2, 3, 4] allow us to use the magnetism in cool-
ing or heating applications. If the magnetic field on the magnetic material is
changed in an adiabatic way, the material can change its temperature. This is
due to the balancing between the lattice (Debye term) and magnetic parts of
the total entropy. Rising magnetic contribution in the total entropy change will
yield decreasing the lattice contribution. This means that decreasing lattice vi-
brations and thus decreasing temperature. Due to the zero total entropy change
(which comes from the adiabaticity of the process), by controlling magnetic part
of the total entropy, one can achieve cooling or heating of the material.
There are many candidate materials of the MCE [5]. There are some param-
eters that determine which candidate is more efficient. Some of the parameters
are isothermal magnetic entropy change (IMEC) ∆SM , adiabatic temperature
change ∆Tad ,and refrigerant capacity (RC) q, which are defined below. We
can say that Gd is still the best candidate material material for the MCE [6].
Naturally, the search for better materials still continues. Some recent devel-
opments can be found in review papers [7, 8]. Unfortunately, there are relatively
small number of theoretical works devoted to the exploration of MCE for given
magnetic materials. Diluted ferromagnetic systems [9], magnetic multilayers
[10] quantum spin chains [11] are some of these studies.
Alloys may be good candidate materials because of the fact that, tunability
of the concentration may yield obtaining material that has desired MCE prop-
erties. Some theoretical efforts have been made in this direction. For instance
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Gd1−xCx binary alloy [12], Gd5(SixGe1−x)4 compound [13] , Gd−R alloys [14].
Investigating alloys from a broad framework can produce important results that
can be used in experiments or material science applications. Thus, the aim of
this work is to determine the MCE properties of the binary alloys that can be
modeled by the Ising model. The effect of the spin value (that constitute the
alloy) and the concentration on the MCE properties are calculated. For this
aim, the paper is organized as follows: In Sec. 3 we briefly present the model
and formulation. The results and discussions are presented in Sec. 4, and finally
Sec. 5 contains our conclusions.
3 Model and Formulation
The composition of the binary alloy system can be represented as AcB1−c. Here,
the type A atoms have spin value of sA and the concentration is c, the type B
atoms have concentration 1 − c and spin value of sB. The distribution of the
atoms are random. The Hamiltonian of the Ising model for this system can be
given as
H = −J
∑
<i,j>
∑
X,Y=A,B
ξXi ξ
Y
j S
X
i S
Y
j −
∑
i
∑
X=A,B
ξXi
[
D
(
SXi
)2
+HSXi
]
(1)
where S
(X)
i , X = A,B are the z components of the spin-sX operators. The
eigenvalues of these operators are sXi = −sX ,−sX +1, . . . , sX − 1, sX . J > 0 is
the ferromagnetic exchange interaction between the nearest neighbor spins, D
is the crystal field (single ion anisotropy) and H is the longitudinal magnetic
field. ξXi is the site occupation number of a site i, which can take values 0, 1
and ξAi + ξ
B
i = 1 holds. In Eq. (1), < i, j > denotes the nearest neighbor pairs
in the lattice.
Typical effective field approach starts by writing Hamiltonian given in Eq.
(1) as single atom part (HX0 ) and the part that contains rest of the lattice (H
′).
Since the Hamiltonian contains only z components of the spin operators, HX0
and H ′ commutes each other. Then the exact identities [15] can be used for
calculation of the thermodynamic quantities
(
sX0
)n
〈〈
ξX0
(
SX0
)n〉〉
r〈
ξX0
〉
r
=
1〈
ξX0
〉
r
〈〈
Tr0ξ
X
0
(
SX0
)n
exp
(
−βHX0
)
Tr0 exp
(
−βHX0
)
〉〉
r
, (2)
where n = 1 represents the magnetic dipol moment per site, n = 2 represents
the magnetic quadrupol moment per site and so on. Here, <> represents the
thermal average, <>r stands for the configurational average, Tr0 is the partial
trace over the site 0, β = 1/ (kBT ), kB is Boltzmann constant and T is the
temperature. Note that Eq. (2) contains number of (2sX + 1) equations for
sublattice X . This means that total number of equations is (2sA + 2sB + 2) for
binary alloy.
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In Eq. (2), HX0 is the local field acting on site 0 if the site has X = A,B
type atoms. Their expressions are as follows:
HX0 = −ξ
X
0 s
X
0
[
EX0 +H
]
− ξX0
(
sX0
)2
D, (3)
where EX0 represents all spin-spin interactions of atom which is the type of
X = A,B and it is given by
EX0 = J
z∑
j=1
∑
X=A,B
ξXj S
X
j . (4)
All Tr0 operations in Eq. (2) can be done easily, since all of the matrices in
that equation are diagonal. After this operation we can get the expression in a
closed form as 〈〈
ξX0
(
SX0
)n〉〉
r〈
ξX0
〉
r
=
〈〈
fXn
(
EX0
)〉〉
r
, (5)
where the functions for n = 1, 2 are given by [16]
fX1 (x,H,D) =
SX∑
k=−SX
k exp
(
βDk2
)
sinh [βk (x+H)]
SX∑
k=−SX
exp (βDk2) cosh [βk (x+H)]
, (6)
fX2 (x,H,D) =
SX∑
k=−SX
k2 exp
(
βDk2
)
cosh [βk (x+H)]
SX∑
k=−SX
exp (βDk2) cosh [βk (x+H)]
. (7)
Note that, as explained below, within the approximation schema used in this
work there is no need to obtain functions for n > 2.
By using differential operator technique [17], Eq. (5) can be written as〈〈
ξX0
(
SX0
)n〉〉
r〈
ξX0
〉
r
=
〈〈
eE
X
0
∇
〉〉
r
fXn (x)|x=0, (8)
where ∇ represents the differential with respect to x. The effect of the differen-
tial operator ∇ on an arbitrary function F is given by
exp (a∇)F (x) = F (x+ a) , (9)
with arbitrary constant a. By using EX0 from Eq. (4) in Eq. (8) we can expand
the exponential differential operator by using approximated van der Waerden
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identities [18]. Approximated van der Waerden identities have been proposed
for higher spin problems and given by
exp (aσ) = cosh (aη) +
σ
η
sinh (aη), (10)
where η2 =
〈
σ2
〉
and σ is the spin eigenvalue. This approximation equates σ2n
to
〈
σ2
〉n
and σ2n+1 to σ
〈
σ2
〉n
. Since we are dealing only with the quantities σ
and σ2, then the number of equations in Eq. (5) reduces to four. By using Eq.
(10) with the identity
eδx = δex + 1− δ, δ = 0, 1 (11)
in Eq. (8), we can obtain magnetization (mA,mB) and quadrupolar moment
(qA, qB) equations as
mX =
z∑
p=0
z−p∑
q=0
p∑
r=0
z−q−r∑
s=0
q+r∑
t=0
Cpqrst(−1)
tcz−p (1− c)p
(
mA
ηA
)q (
mB
ηB
)r
fx1 ([z − 2s− 2t]J, )
(12)
qX =
z∑
p=0
z−p∑
q=0
p∑
r=0
z−q−r∑
s=0
q+r∑
t=0
Cpqrst(−1)
tcz−p (1− c)p
(
mA
ηA
)q (
mB
ηB
)r
fx2 ([z − 2s− 2t] J, )
(13)
where η2X = qX , X = A,B and
Cpqrst =
1
2z
(
z
p
)(
z − p
q
)(
p
r
)(
z − q − r
s
)(
q + r
t
)
. (14)
By solving the system of nonlinear equations given by Eqs. (12) and (13)
with the coefficients given in (14) and the definitions of functions given in Eqs.
(6) and (7), we can obtain the total magnetization (m) and quadrupolar moment
(q) of the system as
m = cmA + (1− c)mB, q = cqA + (1− c) qB. (15)
The magnetocaloric performance of the magnetic system can be quantified
by some quantities. The first one is IMEC when maximum applied longitudinal
field is hmax. This quantity is defined by
∆SM =
hmax∫
0
(
∂m
∂T
)
h
dh. (16)
The other quantity is RC which is defined by
q = −
T2∫
T1
∆SM (T )H dT. (17)
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Note that, RC is amount of heat that can be transferred from the cold end (at
temperature T1) to the hot end (at temperature T2 ) in one thermodynamical
cycle. This measures the suitability of a magnetic material for magnetocaloric
purposes. Although the chosen of these temperatures are arbitrary, in general
T1 and T2 are chosen as those temperatures at which the magnetic entropy
change gains the half of its peak value. This temperature range is defined as
full width at half max (FWHM). This is also important quantity of the MCE.
This three quantities will be used in this work as a magnetocaloric properties
of the binary alloy.
4 Results and Discussion
The following dimensionless parameters are used in this work:
d =
D
J
, h =
H
J
, t =
kBT
J
. (18)
For a systematic investigation, we always use SA < SB. This means that, rising
c always corresponds the rising concentration of the atoms that have lower spin
value.
In our earlier work [19] we have concluded about the magnetocaloric prop-
erties of the general spin-S Ising model and they were as follows:
• For a chosen external magnetic field range, the maximum value of the
IMEC decreases when the spin value increases,
• For a chosen external magnetic field range, the FWHM and RC increase
when the spin magnitude of the system is increased,
Decreasing maximum value of the IMEC and increasing FWHM and RC
by rising spin value should manifest itself in binary alloys, when c decreases.
For the validation of these conclusions, we depict some typical IMEC with the
temperature. This behaviors can be seen in Fig. (1) for binary alloy consists of
(SA, SB), (a)(1, 3/2) and (b)(1, 3) by using hmax = 1.0 in Eq. (16).
From Fig. (1), general conclusions mentioned above can be seen. But sur-
prisingly, rising concentration (c) of A atoms results no monotonic behavior in
FWHM and the maximum value of the IMEC. For instance the maximum value
of the IMEC is decreasing for a while, then increasing by rising concentration
value which is starting from c = 0. This behavior is more evident for larger val-
ues of SB (compare Fig. (1) (b) by (a)). On the other hand, (SA, SB) = (1, 3)
binary alloy displays broadening behavior in the variation of IMEC with the
temperature, for the intermediate concentration values (see for curves related
to the c = 0.2, 0.4, 0.6 in Fig. (1) (b) ). We can inspect these two facts by in-
vestigation of the maximum value of the IMEC and FWHM with concentration
by constructing different binary alloys, i.e. choosing different (SA, SB) pairs.
In Fig. (2) we depict the variation of the maximum value of the IMEC
with the concentration for selected spin values of SA = 1, 3/2, 2, 5/2 and sB =
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Figure 1: The variation of the IMEC with the temperature for binary alloy
(a) (SA, SB) = (1, 3/2) and (b)(SA, SB) = (1, 3). For obtaining these curves,
hmax = 1.0 has been used in Eq. (16), and numerical calculations have been
performed both for integration and differentiation. These curves are depicted
for concentration values of c = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0.
3/2, 2, 5/2, 3, 7/2, 4. As seen in Fig. 2, the behavior of the maximum value of the
IMEC by concentration is the same for all the binary alloys: rising concentration
first results in decreasing behavior, then increasing behavior takes place while
the concentration increases. The final value of the maximum value of the IMEC
(i.e. at c = 1.0) is higher than the initial value (at c = 0.0) as expected [19].
For investigation of the same behavior for FWHM we depict the variation of
the FWHM with the concentration in Fig. 3, for the same binary alloys shown
in Fig 2. As seen in Fig. 3, as expected again, the final value of the FWHM
is lower than the initial value, when the concentration increases, for all spin
pairs. But the behavior at the intermediate concentrations is again interesting.
While the value of the concentration increases, first increment behavior occurs
and then decreasing behavior takes place. This behavior is more evident when
the binay alloy is constructed from quite different spin values (for example
(SA, SB) = (1, 4)).
The RC is defined in Eq. (17) as the area of the portion of the IMEC
curve between temperature range of FWHM. Then the behavior of the RC
with the concentration is determined by behaviors of the maximum value of the
IMEC and FWHM with concentration. We can see the behavior of q with the
concentration in Fig. 4. When we compare the behaviors depicted in Fig. 4
by behaviors given in Fig. 3 we see that the same characteristics occur. Rising
concentration first rises q, after then decreasing behavior occurs. Again q value
of c = 1 is lower than the q value of c = 0 is compatible with the result obtained
before [19].
In order to further elaborate on the investigation, we give the concentration
values that makes the RC maximum in Table (1). As seen in Table (1), for some
combinations, maximum RC occurs at the c = 0.0 i.e. pure system with higher
spin. But in contrast to this, for some spin combinations the maximum value
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Figure 2: The variation of the maximum value of the IMEC with the concentra-
tion for binary alloy sA− sB(SB > SA) for (a) SA = 1, (b)SA = 3/2, (c)SA = 2
and (d)SA = 5/2. The values of SB are given above of the each curve.
of the RC occurs at the intermediate concentration values. These binary alloys
are constructed by using spin values that are substantially different from each
other, for instance (SA, SB) = (1, 3) or (SA, SB) = (2, 4). This means that, the
value of RC can be tuned by adjusting the concentration value.
5 Conclusion
The MCE properties of the Ising binary alloys constituted from arbitrary spin
values, have been determined by using effective field theory. For determining
the efficiency of the MCE in binary alloy, IMEC, RC and FWHM quantities
Table 1: The concentration values that make the cooling capacity maximum.
sA/sB 3/2 2 5/2 3 7/2 4
1 0.00 0.00 0.00 0.34 0.32 0.32
3/2 0.00 0.00 0.00 0.36 0.34
2 0.00 0.00 0.00 0.38
5/2 0.00 0.00 0.00
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Figure 3: The variation of the FWHM with the concentration for binary alloy
sA − sB(SB > SA) for (a) SA = 1, (b)SA = 3/2, (c)SA = 2 and (d)SA = 5/2.
The values of SB are given above of the each curve.
have been calculated for various values of spin and concentration.
In our earlier work we have determined the relation between the MCE prop-
erties and spin value for general spin-S Ising system [19]. Our conclusions were,
when the spin value increases the maximum value of the IMEC decreases and
the FWHM and RC increase. If we think only in terms of the parameter RC,
we can conclude that higher spin materials are desirable in order to get more
cooling power in MCE.
In this work we performed same analysis on Ising binary alloys. Two limits
of the concentration values c = 0 and c = 1 gives the pure spin-S Ising model,
i.e. these limits give the results obtained in our earlier work[19]. Surprisingly,
we obtained no monotonic behavior of the properties of the MCE when the
concentration changes. Perhaps most importantly, gretaer RC can be obtained
for intermediate concentration values, in comparison with the limiting concen-
tration values. This result allows the tunability of the MCE performance by
changing concentration.
We hope that the results obtained in this work may be beneficial form both
theoretical and experimental point of view.
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Figure 4: The variation of the half width of the RC with the concentration for
binary alloy sA − sB(SB > SA) for (a) SA = 1, (b)SA = 3/2, (c)SA = 2 and
(d)SA = 5/2. The values of SB are given above of the each curve.
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